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SUMMARY 

The analytical solutions for the pre-steady-state phase of a coupled enzymic 
reaction, where two types of conditions are fulfilled, are developed. To illustrate the 
types of solutions obtainable, only single- and double-intermediate enzyme mechan- 
isms are considered; the method can clearly be extended to more complex cases. 

The differential equations describing the coupled reactions are linearized by 
utilizing two methods similar to those previously used in the case of single enzymes 
(Gutfreund, H. (1955) Disc. Far. Soc. 20, 167; Laidler, K. J. (1955) Can. J. Chem. 
33, 1614; Swoboda, P. A. T. (1957) Biochim. Biophys. Acta 23, 70; Hijazi, N. H. 
and Laidler, K. H. (1972) Can. J. Chem. 50, 1440). 

The differential equations are solved by the Laplace-Carson operator proce- 
dure to give solutions that express concentrations of reactants as a function of time 
(Rodiguin, N. M. and Rodiguina, E. N. (1964) Consecutive Chemical Reactions: 
Mathematical Analysis and Development (Sneider, R. F., ed.), Engl. edn, D. van 
Nostrand, Princeton, N.J.). Methods, using a digital computer and the analytical 
solutions developed herein, are described for the fitting of experimental data from 
coupled reactions in order to evaluate individual rate constants for the first enzyme; 
given that the second enzyme can be studied independently and the eigen values con- 
trolling the exponential decay of the pre-steady state are known. 

Mention is made of the use of the equations developed with regard to detecting 
possible heterologous enzyme interactions, in coupled enzymic assays, studied in the 
pre-steady state. 

INTRODUCTION 

Until now there have been no attempts to derive kinetic equations that ade- 
quately describe the pre-steady state behaviour of coupled enzyme systems, although 
there have been a number of procedures published that deal with the steady-state 
region of the reaction (McClure [6], Hess and Wurster [7], Easterby [8], Kuchel et 
al. [9]). 

Steady-state analysis of data from coupled systems utilizing the methods cited 
in the references above, can only yield the steady-state parameters, V and Km and 
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steady-state isomerization constants. Only by an analysis of the transient phases of 
each reaction can the individual unitary rate constants be obtained. 

Analytical solutions of the differential equations that describe the simple 
Michaelis-Menten enzyme mechanism can only be obtained under two conditions: 
(a) when the initial substrate concentration is much greater than the initial enzyme 
concentration, and (b) where the enzyme concentration is much greater than the ini- 
tial substrate concentration. 

These conditions enable the concentration of the species in highest concen- 
tration to be considered a constant. The conditions therefore convert the otherwise 
second-order non-linear (second degree in the first derivative) differential equation 
into a linear form, which is readily solvable. 

In the first case, (a), the solution describes a transient phase at early times in the 
reaction followed later by a steady state of ES complex. In the second case, (b), there 
is no steady state of any reacting species and the reaction can only be followed by more 
specialised fast reaction techniques. 

Both conditions and forms of solution are used in this paper with reference to 
coupled enzyme systems. The solutions are formulae that describe the concentration 
of the various chemical species as explicit functions of time, and are thus in the form 
required for analysing experimental data. 

CASE 1. LOW ENZYME CONCENTRATIONS; SINGLE-INTERMEDIATE ENZYMES 

Consider the case of two single-intermediate enzymes acting consecutively. 
This can be described by the following reaction scheme 

kL~ ks 
E - -  S ~ E S - - - - - ~ E + P  

k-1 

k~ k 4 R F-+- P ~ F P - -  F +  
k-3 

(1) 

In the transient phase of an enzymic reaction the amount of product formed is of the 
same order of magnitude as the amount of enzyme present. If the concentration of 
the coupling enzyme [F], is sufficiently high, then during this transient phase (and 
perhaps longer) the amount of F bound as FP will be much smaller than the con- 
centration of free enzyme, [F]. Under these conditions, [F] can be regarded as a 
constant and equal to the initial concentration [F0], i.e. IF] >> [FP], IF] ~ IF0]. The 
additional assumption made in this case is [So] >> [Eo] and so IS] ~ [So] for the time 
domain of interest. The differential equations that describe the above system are 
given below in which the differential (d/dt) has been replaced by the Laplace-Carson 
operator ~p [5] and the transformed time-dependent species by lower-case letters. 

w[e] - ~0[Eo] --  --kl[e]  [&] + (k_, + G)  [es] 
w[es] G [ e ]  [S0] -- (k-1 + G)  [es] 
W[P] - -  k2[es] -- ka[Fo] [P] - ]  k-a[fP] 
~PIfp] k3[F0] [P] - -  (k_  a + k4) [fP] 
~p[r] - -  k4[fp] 

(2a) 
(2b) 
(2c) 
(2d) 
(2e) 
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It is possible to derive expressions for the chemical species in terms of the various 
rate constants, the operator % and the initial enzyme and substrate concentrations. 
For instance, from Eqns 2a and 2b, the transform for [el is 

(~p H- kE) [Eo] (kE = k-1 ÷ k2) (3a) 
[el = 0P _L 20 

where 21 = kl[So] -t- k-1 -k k2. The other transforms are 

k~ [Eo] [So] 
[es] - -  

(9 + 21) 

k lk2  [Eo] [Sol (~o -? kr) [p] = 
(~o + 21) (9 + z2) (~p + 48) 

where kF = k-3 H- k4 

klk2k3 [Eo] [Sol [Fo] 
[Up]= 

(~0 -~- hl)  ('~D -~- 42) (~/ @- 48) 

k l k 2 k 3 k ,  [Eo] [Sol [Fo] 
[r] = 

~(~ + 21) (~0 + 22) (9 + 28) 

where 

A H- @ A  2 - -  4 B  
2 2 =  2 

(3b) 

(3c) 

(3d) 

(3e) 

A - -  ~ / A  2 - -  4 B  
4 3 =  2 

A = ks[Fo] + k-3 + k4 

B = k3k4[Fo] 

[R] = 

where 

The behaviour of the final product [R] with time is obtained from its respective trans- 
form. The original for [r] is obtained from tables of the Laplace-Carson transforms 
and their inverses [5] and is given by 

4 
H ki [Eo] [Fo] [So] 
i = l  

- -  P 1  ( 1  - -  e-a1 t) -- P2 (I -- e-Z2 t) -- P3 (1 -- e-Z3 t) (4a) 
214223 

4 
H k~ [Eo] [Fo] [So] 

Di = i =1 
3 

2i 2 1 I  (2i --2i) 
]=i  
j~si 

Substitution for the 2i in the first term of Eqn 4a gives 

[R] = % ¢ - -  S P~ (1 --  e -~ / )  
i=1 

(4b) 
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where 

k2 [Eol [Sol 
v°-- [So]+KE 

and 

(k-1  @ k2) 

kl 

Each cons tant  Pi can be expressed in terms of  only v0 and the 2i 
3 

% H 4i 
i 1 P~-- a 

;ti ~ H (2j - -  2i) 
J=l 
j ¢ i  

Hence 
3 

H 2i 
(1 - -  e-aj  t) J=l ) (4c) [R] = % t - -  X ~ - 

1=1 2i2 1 7  (2j  - -  4 i )  

J = l  
j ¢ i  

and hence the equat ion for  [R] is fully described by the four  constants  v 0, 21, 22 
and 2 z. 

I f  the concentrat ion of  the second enzyme is high enough then it is possible 
that  the concentra t ion of  the first product ,  [P], will remain much lower than the Km 
of  the second enzyme for appreciable  times even into the steady-state region of  the 
reaction. Under  these conditions the amoun t  of  enzyme F bound  as FP will remain  
much less than the concentrat ion of  free enzyme [F] and hence Eqn 4b will remain 
valid. As t increases the exponential  terms become vanishingly small (21, 22 and 2a 
are all positive) and the equat ion reduces to 

3 
[R] ~ vot - -  S Pi 

i = l  

Therefore,  as t increases a plot  of  [R] versus t becomes linear with a slope, v0, equal  
to the velocity of  the first reaction. The linear region when extrapolated back cuts the 
t axis at 

3 
l T S P i / l '  o 

i=1  

and intersects the [R] axis at 

3 
[g] = - -  S Pi --% T fi 

i --1 

Since, in general 22 >> 4a, it follows that  

424a ka k4 [Fo] VF VF 
4~ ~ - -  - -  " ~ - -  (5) 

42 + 4 a  ka[Fo] q - k  a + k4 [Fo]- -  K~, KF 
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where VF and KF are the steady-state parameters V and Km for the second reaction. 
I f  3.1 >> 23, then P3 >> P1, P2 and the intercept on the - -  [R] axis approximates to P3, 
but  

VO1~.13.23. z V o V o K F  
P~ = 

2~" (3.1 - 3.~) (3.5 - 3.~) ~ 2~ VF 

Under  these particular conditions the intercept on the - - [R]  axis v o K r / V r  agrees 
with the steady-state treatment [7, 8]. 

Fig. 1 shows the behaviour of  the analytical solution (Eqn 4b) for various 
concentrat ions o f  the second enzyme compared with the solution of  the original 
differential equations using a numerical integration procedure. The numerical inte- 
gration was carried out using a computer  simulation program (Elmore and Roberts,  
unpublished work) incorporat ing a subroutine specifically designed for the solution o f  

4 

3 

1 

/ / 7  / 

5 10 15 20 25 

TIME (sec) 

Fig. 1. A comparison of the analytical solution (0) given by Eqn 4c with the solution ( . . . . . .  ) ob- 
tained by the numerical integration of the basic differential equations given in Eqn 2. For all curves, 
a,b, candd ,  k l -  107 , k _ l - -  104 , k 2 =  103 ,ka=2"107 ,k_3--2"104 ,k4 =2"103 , [So] = 10 -3M 
and [Eo] -- 10 -s M. The various concentrations of the second enzyme, [F0], are: a, 2.10 -8 M; b, 
4- 10 8 M; c, 1.10 -7 M; and d, 2.10 -7 M. The slopes of the dotted lines in Curves c and d give the 
velocity (v0) of the respective reactions after attainment of the steady state of [P] and the intercept on 
the t axis yields T; expressions for v0 and z are given in the text under Case 1. 

stiff equations (Gear  [10]). The data is input in the form of  chemical equations as in 
Eqn 1 with the relevant kinetic constants and initial concentrations. Obviously, for 
Curve a and to a lesser extent b in Fig. 1, the concentrat ion o f  the coupling enzyme 
[F0] is too  low for the assumptions made in the derivation of  the analytical solution 
to remain valid into the steady-state region. 

F rom Eqn 4b 

3 

[ R ] - -  v 0 t - - f l =  S P ie -k i t  (6) 
i = l  

and so a plot  of  log ([R] - -  rot - -  ~) against t will have three linear phases corre- 
sponding to the regions where 21, 3.2 or 3.3 dominates.  Over long times Eqn 6 reduces 
to a single exponential  and hence the 3.1 and Pi  corresponding to the slowest expo- 
nential decay, can be obtained f rom the slope and ordinal intercept o f  the log plot. 
Subtract ion o f  these values (Pje-aj ~) f rom the left-hand side o f  Eqn 6 and plotting 
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log ([R] -- v0t -- /3 --  Pje-Zj t) against t allows the next exponential to be determined. 
In some cases the curves will only show one or two linear sections. This can arise 
because one or more of the 2i are too fast to be followed by the experimental apparatus 
or because two of the 2i are similar in value. In either case complete analysis of  the 
system by the above method would be impossible. 

Since the second enzyme is chosen because its product can be conveniently 
monitored, 22 and 23 can be determined from an independent study of the reaction 
of F with P, (pre-steady state and steady state) under the same conditions as the coupl- 
ed system, e.g. pH, ionic strength, buffer type. The pre-steady-state study of the 
"auxiliary" or second enzyme can be carried out with [P0] >> [F0] or [F0] >> [P0]. In 
the latter case the transform for [R] is 

[r] = k3k4 [Fo] [Po] (7a) 
(~ + 2,,) (~ + 23) 

and the original is therefore 

k~k~ [Fo] leo] 
[R] -- 22 23 

where 

k3k4 [Fo] [Po] 
P1 -- ~'2 (23 --  22) 

and 

Pae-a2 t - -  P2e-23t (7b) 

k3k4 [Fo] [Po] 
P2 - -  23 (2~ - -  ~3) 

The definitions of  22 and 23 under the conditions of  [Fo] >> [Po] are the same as Eqn 3. 
From Eqn 7b the first term is simply [Po] hence 

23e -z2t 22e -hat 
[el  = [P0] (23 - 22) (22 - 23) 

The data can be analysed by the logarithmic plots outlined previously. The 
individual rate constants for the second reaction can be obtained from plots of (22 ÷ 
23) and 2223 against [F0], and making use of the steady-state data, VF = k4[F0] and 
KF (k-a + k4)/k3. If22 >> 23 then from Eqn 5 a plot of 1/23 against 1/[F0] bill  have 
a slope of K g k 4  and an ordinal intercept of  1/k4. The determination of 22 and 23 from 
an independent study of the second reaction leaves only 21 unknown in Eqn 4b. 

The method suggested here is to use a computer to generate results using the 
analytical solution of the differential equations, Eqn 4b. These are very readily 
programmed on a small computer and are very convenient for demand terminal use 
in conjunction with a plotter. In the case of  the coupled reaction discussed above, with 
v0 known from the linear region of the reaction, it only remains to adjust the value 
of 21 until an optimum fit is obtained to the experimental data. The assumptions made 
in the derivation of the analytical solution can be checked by determining v0 for vari- 
ous concentrations of  IF0]. The steady-state velocity will increase to a maximum 
limiting velocity (v0) with increasing [F0] and there will be a corresponding decrease 
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in the intercept ft. If  there is no change in v 0 with increasing [F0] then the analytical 
solution is valid for the experimental system under examination. 

The second and more general, but tedious approach is to numerically integrate 
the original differential equations for differing values of  kl, k-a, and k2 and the result 
compared with the experimental curve. The values of  the rate constants can be re- 
fined manually or automatically (Curtis and Chance [I 1] )and the process repeated. 
Since values of  Kz and VE can be obtained from the variation of the steady-state ve- 
locity v0 with initial substrate concentration [So], the values of the rate constants are 
not independent but are related by the definitions of  KE and VE. Even so, the process 
of  simulation and optimization for enzyme systems in which the differential equations 
are usually "stiff",  can be quite slow and tedious with respect to computing time. 

However, by judicious control of experimental conditions, in particular with 
respect to relative enzyme concentrations, what normally is a major computing exer- 
cise, reduces to a very simple one, using the analytical solutions described herein. 

Finally, analog computers can be used for fitting data from coupled and 
other reactions. They are more susceptible to operator interaction, but the general 
scarcity of  large computers of this type necessitates an alternative approach. 

CASE 2. LOW ENZYME CONCENTRATIONS; DOUBLE-INTERMEDIATE ENZYMES 

The analytical method can easily be extended to the case of  two coupled, 
three-step enzyme reactions, as indicated in the following scheme. 

k2 ka E +  s~k~X~ E S - ~ +  EP---+ E-k  P 
k-1 

Pa 
(8) 

R1 

The double-intermediate mechanism allows the possibility of  the second enzyme 
being coupled with either the first product Pa, or with the second product P. The 
second reaction can also be monitored by observing the formation of R 1 or R, for 
the scheme shown above. The transform for [r] is found to be 

ka k2 ka k4 k5 k6 [Eo] [Fo] [So] 
[r] = ~p(7 J + 21 ) (~0 -~- 22) (~/) -~- 23) (~0 ~- 24) (~/) --~ 25) (9) 

where 

21 = (A + ~/A 2 --  4B)/2 

22 ~ (A --  v I A  2 --  4B)/2 
A = k l [ S 0 ] + k  a + k 2 + k a  
B = kl(k 2 -~- k3) ([So] q- kern) 
kmg = k3(k_ 1 -~- k2)/(ka(k 2 Av k3) ) 
2a = (C + V C  2 --  4D)/2 

24 = (C --  V C  2 - -  4D)/2 
C = k 4 [ F 0 ] + k - 4 + k 5  
D = k 4 k5 [F0] 
25 = k6 
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Since 21 22 -- kl (k2 + k3) ([So] + //mE), and 23 2~ -- k4 k5 [Fo], the original for [R] is 

5 
/ / 2 i  

(1 - -  e-Zi  t) i--1 
[R] - -  v 0 t - -  Z 

i ~-i 2i2 5 
/7 (2j - 2~) 

J = l  
j¢i  

The behaviour of an [R] versus t curve is similar to that for the simpler scheme. With 
the additional exponential terms due to the new complexes E P  and FR,  it is even 
more essential to be able to study the second reaction alone in order to eliminate 
some of the otherwise unknown 2~ values. 

CASE 3. H I G H  E N Z Y M E  C O N C E N T R A T I O N S ;  S I N G L E - I N T E R M E D I A T E  ENZYMES  

The reaction scheme outlined in Eqn 1 can also be studied under conditions 
where the concentrations of both enzymes are sufficiently high that they can be re- 
garded as constant, i.e. [E0] >> [So] and [F0] >> [P] (at any time of interest during the 
reaction). The operator equation for [e] Eqn 2a is replaced by one for [s] 

~[s] -- V[So] : --ka [Eo] [s] + k -  1 [es] (10) 

and the equation for [es] in Eqn 2b is changed to 

~p[es] : kl [Eo] [s] - -  ( k -  1 + ks) [es] 

the remaining equations are the same as Eqns 2c, 2d and 2e. 
The transform for [s] is found by rearranging Eqn 10, to be 

[s] 
[So] ~o(~o + kE) 

(W + 21) (W + 22) 

where 

21 - -  ( A  + ~ / A  z - -  4B)/2 

22 -- (A -- x/A 2 -- 4B)/2 
A -- ka [Eo] ÷ k-1 + ks 
B = klk2 [Eo] 

The behaviour of the final product [R], with respect to time, is given by the inverse 
of the transform 

kl k2 k3 k4 [Eo] [Fo] [Sol (11) 
[r] = (~p ÷ 21) (~o + 22) (~p + 23) (~p + 24) 

where 21 and 24 are defined as in Eqn 3. 
The solution for [R] from Eqn 11 is therefore 

4 
kl ks kz k4 [E0] [Fo] [So] _ Z' Pi e-2it 

[R] : 21 22 23 24 i =i 
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where 
4 
H ki [E0] [So] [Fo] 

P i  = i =1 4 

2i H (2j - ;h) 

Substituting for "~'1 '2"2 = k l  k2 [Eo] and 23 24 -- k3 k4 [F0] the equation for [R] becomes 

[R] [Sol 1 1 e -'~'t H .  -- . (12) 
i = J : l  (2j 2i)  

Under these conditions, there is no steady state, the product [R] rises from zero in a 
complicated exponential fashion to a final concentration [So]. The behaviour of [R] 
for a particular arbitrary set of rate constants and initial concentrations is shown 
in Fig. 2. 

8 

2 

0 
1 2 3 4 

TIME (sec)xlO 

Fig. 2. A c o m p a r i s o n  o f  the  analytical  so lu t ion  ( 0 )  given by E q n  12 wi th  the  so lu t ion  ( - - - - - - )  ob-  
ta ined by numer ica l  in tegra t ion  of  the  basic differential equa t ions  of  the  scheme  descr ibed in Case  3. 
F o r  all curves,  kl = 10 7 , k - 1  --  10 a, kz = 10 3 , k3 --  2 ' 1 0  7 , k - 3  = 2"10 4 , k4 = 2"10 3 , [So] = 10 -s  
M, [Fo] -- 10 5 M. The  va r ious  concen t ra t ions  o f  the  first enzyme,  [Eo], are :  a, 7 .5 .10  6 M;  b, 
2 .10  ~ M ;  and  c, 8 .10  -~ M. 

6 
% 

- - 4  

22 

In general 21 >> 22 and 23 >> 24, and under these conditions 

21 /~2 k I k 2 [E0] VE 

)~ + .,2.,, /,:1 [Eo] + k 1 + k~, [Eo] + K~: 

2.~ 2, k3 k4 [F0] VF 
)'3 + 2, k3 [Fo] ÷ k-3 -r k, [Fo] ÷ KF 

and hence plots of 1/22 against 1/[Eo] and 1/24 against 1/[Fo] will give the rate con- 
stants k2, k4 and the Km values, KE and KF, for the two enzymes. Independent experi- 
mental study of the second reaction will greatly assist in the analysis of the coupled 
reaction data by computer fitting as outlined previously. 
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CASE 4. HIGH ENZYME CONCENTRATIONS; DOUBLE INTERMEDIATE ENZYMES 

For  the three-step mechanisms,  in which the enzyme concentrat ions are 
sufficiently high ([E0] >> [So], and IF0] >> [P]), the t ransform for JR] is 

kl/"2 ka k4 ka kG [Eo] [Fo] [So] 
Jr] = (v, + ~1) (v~ + &) (v, + &) (,; + ~4) (v, + &) (*; + &) 

The original for  [R] is therefore 
6 

[R] [So] - -  Z P i e  z,t  
i= l  

where 
6 

H ki [Eo] [Fo] [So] 
Pi : 1=i 

6 

2i" I I  (2.i - -  20 
i=1 
,i¢i 

2~ = (A + ~ /A 2 - -  4B)/2 

22 = (A --  v"A 2 --  4B)/2 
A kl [Eo] + k- 1 :t- k2 

B = kl  k2 [Eo] 
~..~ : ka 

7,4 (C + ~ /C  2 --  4D)/2 

2a . -  (C --  x /C" - -  4D)/2 
C = k4 [Fo] -,> k-~ + k:, 
D = k 4 k~ [Fo] 

hence 
6 6 )q 

[ R ] =  [S,,] 1 - -  X e -zit H 
i = l  J = l  (~ . j - -  2i)  

] ¢ i  

There are now three exponentials  associated with each enzyme, two of  the 2i (2a and 
26) are independent  of  enzyme concentrat ion.  Since 21 is usually much greater than 
22, and 24 >> L plots of  l/,h against  l/[E0] and 1/25 against  1/[Fo] will yield kz, k4, 
KE ( (k-  1 q- ke) /k l )  and KF ( =  (k-4 q- ks)/k4). Finally, addit ional  information is 
available f rom the steady-state relationships,  e.g. 

k~ (k 1 q- k,,) ka 
K~, (k., -~ ka) kl (k~ + ka) KE 

and 

E k2 ka 
keat --  

(k~ - -  ka) 

These can be utilized to approach  more  closely a unique fit to the experimental  data.  
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DISCUSSION 

We have presented the solution of the differential equations that describe 
coupled enzymic reactions using their unitary rate constants. The enzyme models 
chosen are of the simplest form and conditions imposed on the theoretical schemes, 
in order to facilitate solutions of  the corresponding differential equations, are very 
reasonable and experimentally easily attained. The mathematical requirement, in 
Cases 3 and 4, that [E0] >> [So] and [Fo] >> [P], is a sufficient but not necessary 
condition for the analytical solution to fit the numerically simulated curve. Thus in 
Fig. 2, Curve a, where [E0] = 0.75. [So], the analytical solution still corresponds close- 
ly to the real solution. This arises because, with the parameters chosen, the amount 
of enzyme bound as ES is small and the enzyme is continuously recycled, so the ap- 
proximation that [E] ~ [E0] is still valid. 

From the development of  Eqn 5 and subsequent discussion, it is apparent that 
the solution for the system where the second enzyme is in great excess over the first, 
reduces to that given by Barwell and Hess [12] and Easterby [8] for steady-state sys- 
tems of the same kind; provided certain highly reasonable relationships exist between 
the unitary rate constants. 

The important solution of the equations, giving final product as a function of 
time, consists of  a linear term in t and a sum of exponentials with negative exponents 
in t; the number of exponential terms is one less than the number of  steps in the re- 
action pathway. 

Methods of computing individual rate constants from experimental data of  
coupled reactions are discussed ; this requires a decision on an enzyme model and the 
use of  the appropriate solution to the differential equations describing the scheme. 
By using the computer approach presented, data can be rapidly fitted. 

The applicability of  the analytical results presented is not exclusive for systems 
only assayable as couples, but can also be used for systems where there is suspicion 
that the enzymes catalysing the consecutive reactions may heterogeneously interact. 
In the latter circumstance, if the enzymes had been studied independently, it would 
be possible to predict their behaviour as a couple using the equations presented. Any 
deviations, with due consideration taken of the various necessary controls, from 
predicted behaviour, would be attributable to an alteration in the reaction mechan- 
ism. Such interactions are more likely to be observable using the high enzyme, ex- 
perimental method (Cases 3 and 4). A favourable experimental outcome may enable, 
by the use of procedures discussed herein, the elucidation of the particular step or 
steps in the coupled reaction, that is affected by the enzyme-enzyme interaction. 
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